In this note we compare the spinor bundle of a Riemannian manifold (M = M 1 × · · · × M N , g) with the spinor bundles on the Riemannian factors (M i , g i ). We show, that -without any holonomy conditions -the spinor bundle of (M, g) for a special class of metrics is isomorphic to a bundle obtained by tensoring the spinor bundles of (M i , g i ) in an appropriate way. For N = 2 and an one dimensional factor this construction was developed in [Baum 1989a] . Although the fact for general factors is frequently used in (at least physics) literature, a proof was missing.
We consider a Riemannian manifold (M = M 1 × · · · × M N , g), which is a product of Riemannian spin manifolds (M i , g i ) and denote the projections on the respective factors by p i . Furthermore the dimension of M i is D i such that the dimension of M is given by D = N i=1 D i . The tangent bundle of M is decomposed as
We omit the projections and write T M = N i=1 T M i . The metric g of M need not be the product metric of the metrics g i on M i , but is assumed to be of the form
In particular, for those metrics the splitting (1) is orthogonal, i.e. the frame bundle of M can be reduced to a SO(D 1 ) × · · · × SO(D N )-principal bundle, and this is isomorphic to the product of the frame bundles over M i . The explicit form of the isomorphism is
It is clear that such a manifold need not have a splitting of the holonomy group into subgroups of SO(D i ), which would lead to an, at least local, Riemannian product (cf. [Joyce 2000, sect. 3.2] ). An example for such a space is the Eguchi Hanson space, where we have N ⊂ Ê × S 3 with metric α(r)dr 2 + h r (S 3 ) or warped products of metrics.
We consider spinor bundles S i over (M i , g i ) -in particular we fix the spin structure -and we are going to construct a bundle S over M from these spinor bundles. We will discuss what conditions are necessary for the bundle S to be the spinor bundle over M and how we have to modify the given Clifford multiplication on S i to extend it to S.
As is well known, the Clifford algebra of the sum of two vector spaces is the ( 2 -graded) tensor product of the Clifford algebras of the two summands (This is denoted by Cℓ(V ⊕ W ) = Cℓ(V ) ⊗Cℓ(W ) in [Lawson and Michelsohn 1989] ). Of course this is not restricted to two factors, but can be iterated. The case of two factors, i.e. N = 2, will always be emphasized.
We consider the pullback bundles p * i S i → M of S i over M and once more we omit the projections in our further notation. From S i we construct a bundle W on M
For N = 2 this is
The bundles S ǫ i i are subbundles of S i with the 2 -degree defined by the label 1 ǫ i = 2 . This induces on W the natural 2 -grading given by the decomposition (4). An element Ξ ∈ W is called totally homogenous, if Ξ ǫ = ξ
it has only contributions from one of the summands in the decomposition (4). We will use the multi-index notation ǫ = (ǫ 1 , . . . , ǫ N ).
The subbundles of S i are chosen in such a way that the Clifford multiplication acts via
Clifford multiplication is an odd operation on S
We will consider the continuation of this to the bundle W . Therefore we introduce the linear map δ k : W → W , which is defined by its action on totally homogenous elements Ξ ǫ = ξ
δ k can be seen as the sign, we get by "putting an odd operator acting on S k at the right place in the tensor product". We define δ 1 = id.
In particular for N = 2
, S i and W be as before. For all X, Y in T M and all Ξ in W we have the Clifford relation
Proof. Because of linearity it is sufficient to prove the statement for X i ∈ T M i and Y j ∈ T M j and totally homogenous Ξ ǫ . We have to distinguish the cases i = j and i < j. We recall the
Up to now we did not specify the subbundles of S ǫ i i ⊂ S i . We have to distinguish two different situations:
• If dim M i = 2n i is even, the bundle S i (of rank 2 n i ) itself admits a natural 2 -grading induced by the volume element. And we take exactly this one.
• If dim M i = 2n i + 1 is odd, the spinor bundle S i (of rank 2 n i ) does not admit a natural 2 -grading. In this case we double the bundle and define S + i := S i and S
In this definition of the subbundles, Π i :
denotes the parity operator with
The parity operator is naturally continued to W by its action on totally homogenous elements
where we use that the parity operator is formally odd. The proof for Π 2 = id is similar to that for the Clifford relation.
Let N e and N o be the number of even and odd dimensional manifolds in the product ] . We will construct a subbundle S of W of this rank.
The trick is to diagonalize some of the bundles which come from the odd dimensional manifolds. The diagonalization is denoted by ∆ and the bundle S is constructed as follows:
] of the odd dimensional bundles 2 and consider the subbundle S ⊂ W given by
which has the rank 2 K with
We specialize this to the case N = 2:
The subbundle S over M is given by
• 3 dim M 1 = 2n + 1, dim M 2 = 2m + 1
In this case S is defined by
where we have to emphasize that the equivalences may not respect the 2 -grading.
Why this bundle is indeed a spinor bundle will be clear from the following remark.
Although we have established the Clifford multiplication, the bundle is not a priori a spinor bundle. For that it should be constructed as an associated vector bundle to the Spin-principal bundle P Spin(D) (M ) or of one reduction of this. If such a reduction does not exist in an appropriate way, then W is not of this kind. The reason is that we do not have an action of Spin(D) on the standard fibre of W .
The maximal subgroup of Spin(D) which is compatible with the structure of the standard fibre is
Cℓ(D i ). This contains the subgroup Spin(D 1 ) × · · · × Spin(D N ), which will be of interest soon.
We show in the next proposition that we are indeed able to write W as an associated bundle, if we demand the reduction of the structure group of M to SO(D 1 ) × · · · × SO(D N ) compatible with the natural splitting (1). This is a weaker condition than (2), which was at least necessary to get the Clifford multiplication. Proof. We use the following notations:
Let P H be the principal bundle of orthonormal frames of (M, g) and P H be the reduction to H, which we denote by ı. Furthermore let P G the Spin-principal bundle over M with the two fold covering λ : P G → P H , compatible with the right action of G and H and the cover λ : G → H for which we take the same symbol.
We collect this by writing P G λ −→ P H ı ←− P H . We use the pullback construction for fibre bundles c.f. [Kolář et al. 1993 ] to complete this edge to a commutative diagram and we denote the pullback by (P G × P H ) P H and get
Its total space is given by
The bundle (P G × P H ) P H is a principal bundle with the right action of its standard fibre
≃ G on the total space defined in the obvious way. We take the action on the cartesian product (p G , p H )a = (p G a, p H λ(a)) which is compatible with the quotient:
This shows that the Spin-principal bundle P G is reduced to a Spin(D 1 )×· · ·×Spin(D N )-principal bundle. The reduction is just the left vertical arrow in the diagram.
From this we get
) be a Riemannian manifold, given as a (not necessarily Riemannian) product of the simply connected Riemannian spin manifolds (M i , g i ).
The metric g is connected to the metrics g i via (2).
Then M is spin and the spinor bundle is isomorphic to the subbundle S of W constructed in this section.
Proof. That M is spin, follows immediately from the fact that the second Stiefel-Whitney class behaves additively under products of manifolds. The ON-frame bundles w.r.t. g and g 1 + · · · + g N are isomorphic c.f. (3). On M exists exactly one spin structure, because M is simply connected. So the spin principal bundles obtained by g and g 1 + · · · + g N are isomorphic. From the last proposition we get that the Spin-principal bundle
With the notations from the previous proposition and the construction for S ⊂ W we have established the following isomorphism
whereŜ denotes the standard fibre of S.
Remark 4. An important example of this construction is the case N = 2 with one of the factors being one dimensional and the metric is a warped product. This has been discussed in detail in [Baum 1989a , Baum 1989b .
From the construction it is clear that the spin connection obtained from the Levi-Civita connection of g need not be compatible with the tensor structure of S. Explicit formulas for the connection in the case of an one dimensional factor and warped products can also be found in [Baum 1989b ]. This further compatibility is made sure by demanding the holonomy of M to be contained in SO(D 1 ) × · · · × SO(D N ), which is the same as to say that the projections p i are parallel. As we mentioned before, this further assumption forces M to be a local Riemannian product (in the case of M being simply connected and complete this decomposition is global).
Proposition 5. Let M be the Riemannian product of (M i , g i ). Then our construction gives the spinor bundle S of M .
We end this short note with a few remarks.
Remark 6. 1. Proposition 5 is also true in the case of metrics which are not of Euclidean signature.
2. For the special case N = D, i.e. D i = 1, our constructions ends up with the Clifford action on the tensor product 2 ⊗ · · · ⊗ 2 as given in [Baum et al. 1991] .
3. For N = 2 in the cases • 1 and • 2 , our construction yields the -at least in physics literature -frequently used decomposition of the γ-matrices Γ A , for 1 ≤ A ≤ D in tensor products of γ-matrices of the respective factors γ a , γ α for 1 ≤ a ≤ D−2n = D 2 , 1 ≤ α ≤ 2n = D 1 . The 2 -grading is ensured by usingγ := γ 1 · · · γ 2n and define (compare e.g. [Duff et al. 1986 ])
